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Standard of Learning AII.11
The student will identify properties of a normal distribution and apply those properties to
determine probabilities associated with areas under the standard normal curve.

Background
In Algebra I SOL A.9, students study descriptive statistics through exploration of standard
deviation, mean absolute deviation, and z-scores of data sets. Students compute these values for
small defined populations, and the focus of instruction is on interpretation of these descriptive
statistics. Algebra II.11 continues the study of descriptive statistics as students analyze
properties of normal distributions and apply those properties to determine probabilities
associated with areas under the standard normal curve. Students will be provided with the mean,
standard deviation, and/or elements of samples or populations of normal distributions and asked
to apply the properties of normal distributions to calculate probabilities associated with given
elements of the data set.

Normal distributions
Students examine many sets of data in their study of statistics. Some data have been provided to
them and some data they have collected through surveys, experiments, or observations.
Representation of data can take on many forms (line plots, stem-and-leaf plots, box-and-whisker
plots, bar graphs, circle graphs, and histograms). Often teachers try to describe the physical
shape of these representations in words or by using measures such as the arithmetic mean, the
balance point of the data, or the median, the point at which the data is split into two equal
amounts of data points. Another useful type of graphical representation is called a density curve,
which models the pattern of a distribution. The distribution of certain types of data take on the
appearance of a bell-shaped density curve called a normal curve. These collections of data are
often naturally-occurring data or data produced by repetition in a mechanical process.
Examples of data that can be modeled by normal distributions include:
• heights of corn stalks in similar growing environments;
• heights of 16-year-old girls;
• blood pressures of 18-year-old males;
• weights of pennies in a given production year;
• lifespan of a specific electric motor; and
• standardized test scores like the ACT® or SAT®.

2005 distribution of ACT® scores
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Properties of normal distributions
Normal distributions are represented by a family of
Standard Deviation
The standard deviation (σ) of a data set is
symmetric, bell-shaped curves called “normal” curves.
a
measure of the spread of data about the
Normal curves are defined by the mean and standard
mean. The greater the value of the
deviation of the data set. The arithmetic mean is
standard deviation, the more spread out
located on the line of symmetry of the curve. In a
the data are about the mean. The lesser
normal distribution, the arithmetic mean is equivalent to (closer to 0) the value of the standard
the median and mode of the data set. Approximately 68 deviation, the closer the data are clustered
about the mean.
percent of the data values fall within one standard
deviation (σ) of the mean (µ), approximately 95 percent of the data values fall within two
standard deviations of the mean, and approximately 99.7 percent of the data values fall within
three standard deviations of the mean. This is often referred to as the 68-95-99.7 rule.
Figure 1

68%
95%
99.7%

Figure 1 shows the approximate percentage of observations that fall within different partitions of
the normal distribution.
In normal distributions, the total area under the curve is always equal to 1. The mean and
standard deviation of a normal distribution affect the location and shape of the curve. The
vertical line of symmetry of the normal distribution falls at the mean and the width or spread of
the curve is determined by the standard deviation. The greater the standard deviation, the wider
(“flatter” or “less peaked”) the distribution of the data.
Figure 2

Figure 2 shows how mean
distribution.

and standard deviation (σ) affect the graph of the normal
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A normal distribution with µ = 5 and σ = 1.5 can be graphed on a graphing calculator.
Texas Instruments (TI-83/84)
Calculator function parameters normalpdf(x,µ,σ)
1) Press !`v (to get to the
distribution menu)
2) Select “1:normalpdf(” or press e
3) Press x,5,1.5)e
4) Set the window as follows:

Hint: When graphing normal distributions, set
Ymax = .
5) Press % and $ (to see the
function and values)

Casio (9750/9850/9860)
NOTE: Casio calculators will not graph a
normal distribution given only the mean and
standard deviation. An element (x) of the data
set must also be entered in order to enable the
graphing feature.
1) From the menu screen select W and press
l
2) Press y(to choose “DIST”)
3) Press q(to choose “NORM”)
4) Press q(to choose “Npd”)
5) Enter the values for x, µ, and σ
6) Arrow down and highlight “Execute”

7) Press u(to choose “DRAW”)

Determining probabilities associated with normal distributions
The cumulative probability of a specified range of values can be represented as the area under a
normal distribution curve between the lower and upper bounds. When the range of values is an
interval with lower and upper bounds equal to the mean or mean plus or minus one, two, or three
standard deviations, the 68-95-99.7 rule can be used to determine probabilities. Graphing
calculators can also be used to compute and graph the areas under normal curves.
Example 1
Given a normally distributed data set of 500 observations measuring tree heights in a forest, what
is the approximate number of observations that fall within two standard deviations from the
mean?
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Solution
A quick sketch of the normal distribution will assist in solving this problem (refer to Figure 1).
We know from the 68-95-99.7 rule that 95 percent of the data falls within two standard
deviations from the mean. Therefore, approximately 500 · 0.95 475 of the trees’ height
observations fall within two standard deviations from the mean.
Example 2
A normally distributed data set containing the number of ball bearings produced during a
specified interval of time has a mean of 150 and a standard deviation of 10. What percentage of
the observed values fall between 140 and 160?
Solution
From the sketch of a normally distributed data set,
140 is one standard deviation below the mean
while 160 is one standard deviation above the
mean. Therefore, approximately 34.1%
34.1% 68.2% of the data in this distribution
falls between 140 and 160.
140

150

160

Example 3
Donna’s boss asked her to purchase a large number of 20-watt florescent light bulbs for their
company. She has narrowed her search to two companies offering 20-watt bulbs for the same
price. The Bulb Emporium and Lights-R-Us each claim that the mean lifespan for their 20-watt
bulbs is 10,000 hours. The lifespan of light bulbs has a distribution that is approximately
normal. The Bulb Emporium’s distribution of the lifespan for 20-watt bulbs has a standard
deviation of 1,000 hours and Lights-R-Us’ distribution of the lifespan of 20-watt bulbs has a
standard deviation of 750 hours. Donna’s boss asked her to use probabilities associated with
these normal distributions to make a purchasing decision.
Donna decided that she would compare the proportion of light bulbs from each company that
would be expected to last for different intervals of time. She started with calculating the
probability that a light bulb would be expected to last less than or equal to 9,000 hours. Letting x
represent the lifespan of a light bulb, P(
9,000 hours) represents the probability that the
lifespan of a light bulb would fall less than or equal to 9,000 hours in its normal distribution.
Donna continued by finding P(9,000
11,000 hours) and P(
11,000 hours) for each
company.
There are two ways to find the cumulative probability within a range of values on TI graphing
calculators. The probability can be computed by finding the area under the curve bounded by a
range of values using the ShadeNorm function, or it can be directly computed using the
normalcdf function.
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Texas Instruments (TI-83/84)
Computing probabilities using the ShadeNorm
function

Computing probabilities using the normalcdf
function

Calculator function parameters - normalpdf(x,µ,σ)
ShadeNorm(lowerbound,upperbound, µ,σ)

Calculator function parameters normalcdf(lowerbound,upperbound, µ,σ)

1) Graph the normal distribution of the lightbulbs
using the function
Y1= normalpdf(x,10000,1000)
and the window shown.

To compute P(
,
hours)
1) Press `v2 (to bring “normalcdf(” to
the home screen)
2) Press 0,9000,10000
,1000)e

NOTE: The calculator automatically converts very
small numbers to scientific notation.
To shade and compute the area under the curve
for P(
,
hours)
2) `v> to select “Draw”
3) Choose “ShadeNorm( ” or press
e
4) 0,9000,10000,1000)
e

P(

9,000 hours) = 0.1587

To compute P( ,
0.6827, use the syntax below.

To compute P(
,
use the syntax below.

,

hours) =

hours) = 0.1587,

The area under the curve is equal to 0.1587.
To shade and compute the area under the curve
for P( ,
,
hours), use
ShadeNorm(9000,11000,10000, 1000) to get
0.6827.
NOTE: Use the ClrDraw function (`p1
e) to clear graph shading between each
shading.
To shade and compute the area under the curve
for P(
,
hours), use
ShadeNorm(11000,50000,10000,1000) to get
0.1587.
Note: When computing cumulative probabilities greater than a value using the normalcdf
function, the upper bound should be at least µ + 4 σ.
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On Casio graphing calculators, a feature similar to the TI’s ShadeNorm is only available in terms
of the standard normal distribution using z-scores (see Example 4, Solution B on page 9). The
cumulative probabilities within a range of values can be computed on Casio graphing calculators.
Casio (9750/9850/9860)
Computing probabilities using the Ncd function
To compute P(
,
hours)
1) From the menu screen select W and press
l
2) Press y (to choose “DIST”)
3) Press q (to choose “NORM”)
4) Press w (to choose “Ncd”)
5) Enter values
Lower bound = 0
Upper bound = 9,000
σ = 1,000
µ = 10,000

6) Arrow down to highlight “Execute”
7) Press q(to choose “CALC”)

NOTE: For information on what “z:” means,
see section on standard normal distribution and
z-scores.

After recording the probabilities for the Bulb Emporium as shown in Figure 3, Donna calculated
the same interval probabilities for Lights-R-Us and recorded them.
Figure 3
P(x < 9,000 hours)
P(9,000 < x < 11,000 hours)
P(x > 11,000 hours)

Bulb Emporium (σ = 1000)
0.1587
0.6827
0.1587

Lights-R-Us (σ = 750)
0.0912
0.8176
0.0912

In analyzing her data, Donna noticed that a lightbulb at Bulb Emporium had a higher probability
of lasting less than 9,000 hours than a bulb at Lights-R-Us. However, a lightbulb at Bulb
Emporium also had a higher probability of lasting longer than 11,000 hours than a bulb at
Lights-R-Us. She determined that these two statistical probabilities offset one another. The
middle interval of data showed that a bulb at Bulb Emporium had a lower probability of lasting
between 9,000 and 11,000 hours, inclusively, than a bulb at Lights-R-Us. She therefore chose to
purchase lightbulbs from Lights-R-Us.
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Standard normal curve
z-Scores
A z-score, also called a standard score, is a measure of position derived from the mean and standard deviation of
the data set. The z-score is a measure of how many standard deviations an element falls above or below the
mean of the data set. The z-score has a positive value if the element lies above the mean and a negative value if
the element lies below the mean. A z-score associated with an element of a data set is calculated by subtracting
the mean of the data set from the element and dividing the result by the standard deviation of the data set.
z-score ( z ) =

x−μ

σ

, where x represents an element of the data set, µ represents the mean of the data set, and σ

represents the standard deviation of the data set.

The standard normal curve is a normal distribution that has a mean of 0 and a standard deviation
of 1. It is used to model z-scores obtained from normally distributed data. Prior to calculator
technologies that can determine probabilities associated with normal distributions, the table of
Standard Normal Probabilities, commonly referred to as a “z-table” was used to determine
normal distribution probabilities. See pages 11 and 12 for a copy of the table of Standard
Normal Probabilities provided for the Algebra II End-of-Course (EOC) SOL test.
Given a z-score (z), the table of Standard Normal
Probabilities shows the area under the curve to the left of z.
This area represents the proportion of observations with a zscore less than the one specified. Table rows show the zscore’s whole number and tenths place. Table columns show
the hundredths place. In the table of Standard Normal
Probabilities provided for the state EOC SOL test in Algebra
II, the cumulative probability from negative infinity to the z-score appears in table cells. Other
tables of Standard Normal Probabilities show probabilities from the mean to the z-score.
Interpreting values from the table of Standard Normal Probabilities
A z-score associated with an element of a normal distribution is computed to be 1.23. The
probability from the table of Standard Normal Probabilities associated with a z-score of 1.23 can
be determined as indicated in Figure 4. The probability can be used differently based upon the
context of the question.
• The probability that a data value will fall
below the data value associated with a zscore of 1.23 is 0.8907 (89.07%).
• The data value associated with a z-score of
1.23 falls in the 89th percentile. This
means that 89 percent of the data in the
distribution fall below the value associated
with a z-score of 1.23.
• The probability that a value from the data
set will fall above this value is
1 – 0.8907 = 0.1093 (10.93%).
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Figure 4

Figure 4 shows the cumulative probability associated with a z-score of 1.23 using the table of
standard normal probabilities.
9,000 hours) for Lights-R-Us using the

From Example 3, Donna could have determined P(
table of Standard Normal Probabilities.

Given µ = 10,000 and σ = 750, the z-score for 9,000 hours can be computed using the formula
for z-score.
1.33.
In the table of Standard Normal Probabilities,
1.33 is associated with a cumulative
probability of 0.0918, a value very close (difference of 0.0006) to the one found for Lights-R-Us
in Figure 3, using a graphing calculator.
Example 4
The ACT® is an achievement test given nationally with normally distributed scores. Amy scored
a 31 on the mathematics portion of her 2009 ACT®. The mean for the mathematics portion of
the ACT® in 2009 was 21.0 and the standard deviation was 5.3. What percent of the population
scored higher than Amy on the mathematics portion of the ACT®?
There are two “typical” approaches to find the percentage of the population that scored higher
than Amy.
Solution A – Find the z-score and associated cumulative probability using the table of standard
normal probabilities and subtract the cumulative probability from 1.
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.

1.89. Look up the cumulative probability
Calculate the z-score.
.
associated with a z-score of 1.89 on the table of standard normal probabilities. The
probability of a test taker scoring a 31 (z-score = 1.89) is 0.9706 or 97 percent. This
means that Amy scored in the 97th percentile and only 2.94 percent (1 – 0.9706 = 0.0294)
scored higher than Amy.
Solution B – Find the probability of scoring higher than 31 using the graphing calculator.
The Texas Instruments (TI-83/84) graphing calculators can compute the percentage of the
population scoring higher than 31 using the syntax normalcdf(31,43,21.0, 5.3), given
lower bound = 31, upper bound = 43, µ = 21.0, and σ = 5.3. The resulting value is 0.0296
or 2.96 percent (see page 5). Note: When choosing an upper bound (43 in this case),
choose a number that will encompass all data values above the mean. The number 43
(rounded to 43 using µ + 4 σ = 21+21.2 = 42.2) is far enough above the mean to be a
“safe” upper bound.
The Casio (9750/9850/9860) graphing calculators
can compute the percentage of the population that
score above a 31 by using the operation “Ncd” or
“Normal C.D.” with a lower bound = 31, upper
bound = 43, σ = 5.3, and µ = 21.0 (see page 5).
The calculated percentage of the population scoring
above a 31 = 0.0296 or 2.96 percent. The Casio
9750/9860 can “DRAW” the representative area
under the curve in terms of z-scores by pressing u.
Example 4 extension
Amy took the ACT® and scored 31 on the mathematics portion of the test. Her friend Stephanie
scored a 720 on the mathematics portion of her 2009 SAT®. Both the SAT® and the ACT® are
achievement tests given nationally with scores that are normally distributed. The mean for the
mathematics portion of the SAT® in 2009 was 515 and the standard deviation was 116. For the
ACT®, the mean was 21 and the standard deviation was 5.3. Whose achievement was higher on
the mathematics portion of their national achievement test?
Solution
Since these two national achievement tests have different scoring scales, they cannot be
compared directly. One way to compare them would be to find the cumulative probability
(percentile) of each score using the associated z-score.
Amy’s z-score is 1.89 (97th percentile) and Stephanie’s z-score is 1.77 (96th percentile).
Therefore, Amy scored slightly higher than Stephanie on the mathematics portions of their
respective national achievement tests.
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Explorations with students
Note: All exploration questions should be in the real-world context of normally distributed data
sets.
1. Given a normally distributed data set with a specified mean and standard deviation, explain
how the number of values expected to be above or below a certain value can be determined.
2. Given normally distributed data, explain how you can determine how many values or what
percentage of values are expected to fall within one, two or three standard deviations of the
mean.
3. Compare and contrast graphs of normal distributions that have the same mean but different
standard deviations or different means and the same standard deviation.
4. Given a normally distributed data set with a specified mean and standard deviation, explain
how to determine the probability and/or area under the curve for
• an element that has a value greater than a given value;
• an element that has a value less than a given value; or
• an element that has a value between two given values.
5. Given the mean and standard deviation of two different normally distributed data sets, and a
value from each data set, compare the values using their corresponding z-scores and
percentiles.
6. Given normally distributed data with specified mean and standard deviation, determine the
probability that a randomly selected value will have a z-score within a certain range of values.
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